Introduction
The term "cubature" indicates the numerical computation of a multiple integral. This is an important topic in many different disciplines, with a correspondingly large body of literature. A description of the different kinds of cubature rules that exist, as well as of the mathematics used to derive them, is given in the classic book of Stroud [1] , with more updated information to be found, among others, in [2] and in chapter 6 of [3] . Stroud [1] also presents a compilation of known (at the time) cubature rules, while newer rules are catalogued in [4, 5] and online at the Encyclopedia of Cubature Formulas [6] .
A commonly used method to derive specific cubature rules is based on moment equations and invariant theory (see [7, 2] and [3, pp. 170-182] ). This method, which will be used in the present paper, exploits symmetries and invariant theory to set up a non-linear system of equations, whose unknowns are the positions and weights of the integration points. The construction of the system of equations is based on Sobolev's theorem [see e.g . 7] . The use of invariants, together with appropriate algebraic computations, can lead to a significant simplification of the system of equations, which however in most cases still has to be solved numerically using an iterative method.
Although appropriate iterative numerical methods have been successfully used to obtain individual numerical solutions to the aforementioned system of equations, obtaining a solution in this way provides no information on its uniqueness. Conversely, inability to obtain a solution does not prove its inexistence (though it is a strong indication, when sufficiently robust numerical methods are employed). It is thus interesting and useful to be able to perform an exhaustive computation that provides all the solutions for a cubature rule.
In this paper we focus on fully symmetric cubature rules on the triangle, for which many specific rules have already been presented in the literature [1, 8, 9, 10, 11, 12, 13, 14, 15] . Extending significantly the results given in analytic form by Lyness and Jespersen [9] , we provide results for cubature rules of degree up to 15. Symmetric polynomials [16] are used in generating the moment equations, to represent the two kinds of invariance inherent in these rules. This leads to a system of equations which is amenable to algebraic solving, thus allowing all cubature rules of a given type to be computed.
In Section 2 we present concisely the concepts of symmetric polynomials, areal coordinates and polynomial system solving that will be used in the rest of the paper. Section 3 presents the derivation of the moment equations for fully symmetric rules. While the overall derivation follows the one by Lyness and Jespersen [9] , symmetric polynomials are used here to express the invariance with respect to permutation of points within an orbit, resulting in expressions that are better suited to algebraic manipulation than those previously reported in the literature.
Instead of using an iterative solver to find a numerical approximation of a single solution of the moment equations, as usually done in the literature, in Section 4 we further transform the moment equations to take into account their invariance with respect to permutations of orbits of the same type (once more, using symmetric polynomials to express the invariance). This invariance (which to the author's knowledge has not been exploited before in the relevant literature) is key in providing a new form of the moment equations that, though not explicitly given as the previous one, is actually amenable to algebraic solving.
Section 5 summarises the cubature rules thus obtained using algebraic solving techniques and comments on the main features of the provided results, among which there are new rules which match (though they do not exceed) existing ones in terms of quality and number of points. Algebraic solving allows (for the first time in the non-trivial cases) the computation of all cubature rules of a given type, thus another important result obtained here is the nonexistence of non-fortuitous cubature rules that improve on the ones presented in terms of quality and number of points. The case of fortuitous rules is also considered. Finally, Section 6 concludes by pointing out the main results obtained in the paper.
Theoretical background

Symmetric polynomials
The formulation presented in this paper is based on invariant theory and in particular it uses the theory of symmetric polynomials [16] . As we will see in the following, the use of symmetric polynomials provides an initial concise formulation of the non-linear system of equations, while also leading to simpler computation and presentation of the solution.
A symmetric polynomial is a multivariate polynomial in n variables, say x 1 , x 2 , . . . , x n , which is invariant under any permutation of its variables. For example, the polynomial x 1 x 2 + x 2 x 3 + x 3 x 1 is a symmetric polynomial of degree 2 in the three variables x 1 , x 2 and x 3 , as can be easily seen by swapping any two variables.
We define the elementary symmetric polynomialsx k as the sums of all products of k distinct variables x i , with negative sign when k is odd, that isx
withx 0 = 1. The alternating sign (−1) k in equation (1), which does not appear in the usual definition of the elementary symmetric polynomials, is introduced here as it leads to simpler expressions. While elementary symmetric polynomials are usually denoted using a letter (e.g. Π k , s k or e k ) which is different from the variable name, we use here the superimposed tilde over the variable name since we will be dealing with elementary symmetric polynomials of different sets of variables. The fundamental theorem of symmetric polynomials states that any symmetric polynomial in the variables x i can be uniquely expressed as a polynomial in the elementary symmetric polynomialsx k [17, p. 118 ]. This obviously holds true independently of the presence of the alternating sign in equation (1) . The proof of the fundamental theorem also provides an algorithm for symmetric reduction, that is for expressing arbitrary symmetric polynomials in terms of the elementary symmetric polynomials.
Equation (1) allows computing the elementary symmetric polynomialsx k in terms of the n variables x i . Conversely, the values x i can be calculated [17, p. 89 ] fromx k as the solutions for x of the polynomial equation n j=0x n− j x j = 0 (2)
P(x, y) 
Areal coordinates
Consider the generic triangle shown in Figure 1 , defined through its three vertices with Cartesian coordinates (x 1 , y 1 ), (x 2 , y 2 ) and (x 3 , y 3 ). For a point P with Cartesian coordinates x and y, we define the areal coordinates L 1 , L 2 and L 3 [see e.g. 18, pp. 153-156] through the equations
Note that areal coordinates are also often called barycentric coordinates, even though in the general case barycentric coordinates do not require the normalisation (3c). Using equations (3) it can be seen that a polynomial of degree d on the triangle can be written using areal coordinates as a linear combination of terms L i
, all of which are of total degree d.
Solution of a system of polynomial equations
Consider a system of m polynomial equations with n variables x i with i = 1 . . . n. The system is overdetermined if it has more equations than variables (m > n) and underdetermined if it has less equations than variables (m < n).
A solution of the system is any set of values of the variables x i that satisfies the polynomial equations. If the polynomial coefficients are real, then the values of the x i in the solution will be in general complex (we ignore solutions with points at infinity). A system is called inconsistent, zero-dimensional or positive-dimensional if it has respectively zero solutions, a finite number of solutions or infinite solutions.
While we have defined above what is a solution of a polynomial system, we must also consider what is the solution of the system, i.e. answer the question "what is polynomial system solving" (see Lazard [19] for an answer to this question and an informal overview of the state of the art on algebraic methods for computing the solutions).
For positive-dimensional systems there is not a unique answer to what is the solution (and how it can be expressed). For zero-dimensional systems the solution could be a numerical approximation of all the individual solutions (which, in the general case, cannot be expressed in algebraic form). In algebraic geometry, the algebraic solution of the zero-dimensional system consists in expressing the system in a form which is exact (not approximate) and can easily provide the approximate numerical solution; such could be for example the lexicographical Gröbner basis or the rational univariate representation (see again [19] for a more detailed discussion and more references). We prefer here to use the term analytical solution for this kind of solution; indeed, considering the computation of the roots of a univariate polynomial as a known function, the analytical solution gives the exact solutions of the polynomial system in terms of known functions.
Formulating the system of equations
In the following Section 3.1 the so-called moment equations are derived, following in some main points the classic derivation presented by Lyness and Jespersen [9] , while Section 3.2 presents the concept of consistency conditions (see [9, 20, 2] ). The specific form of the equations that is obtained is compared in Section 3.3 to existing ones. 3 a) 1 2
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Moment equations
Our objective is to derive a cubature formula (or rule) for the approximate evaluation of the integral of a function f over a triangle Ω with area A,Ī
where f (i) is the value of f at point i,w i is the corresponding weight and n K is the number of points used in the cubature. We only consider rules of (polynomial) degree d, that is rules where equation (4) is exact for all polynomials of degree less or equal to d, while it is not exact for at least one polynomial of degree d + 1. Note that the issue of the accuracy of the approximation in (4) for a given cubature formula is beyond the focus of this paper (for more details on the underlying theory see e.g. [1, 3] ). Using areal coordinates, the polynomial of degree d can be written as a linear combination of terms L i 1 L j 2 L d−i− j 3 , therefore the cubature rule can be determined by requiring that equation (4) is exact for each of these terms. The resulting equations are known as the moment equations. The numbern e of different terms L i
, which is the number of equations to be solved, isn e = (d + 1)(d + 2)/2 (5) We only consider fully symmetric rules where, if a point with areal coordinates (Λ 1 , Λ 2 , Λ 3 ) is used in the cubature, then all points resulting from the permutation of the areal coordinates are also used, with the same weight. Integration points in a fully symmetric rule can thus belong to one of three different types of point sets, or orbits, depending on the number of areal coordinates which are equal (see figure 2 ). If all areal coordinates are equal, we get a single "type-0" orbit, with one point (the centroid). If only two areal coordinates are equal, then we get "type-1" orbits with three points which lie on the medians of the triangle. Finally, if all three coordinates are different we get "type-2" orbits with six points. A rule that uses n 0 type-0 orbits, n 1 type-1 orbits and n 2 type-2 orbits is called a rule of type [n 0 , n 1 , n 2 ]. The number of points for such a rule is
Due to the full symmetry employed, when integrating any of the quantities L i
the sum in equation (4) for the point (Λ 1 , Λ 2 , Λ 3 ) and its symmetric points will only contain terms of the form
These terms are symmetric polynomials, and can therefore be written in terms of the elementary polynomialsΛ 1 
It is easily seen that only terms of the form Λ k 1Λ l 2Λ m 3 with k + 2l + 3m = d will be used. Indeed, sinceΛ 1 = −1, only terms of the formΛ l 2Λ m 3 with 2l + 3m ≤ d are actually needed.
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The cubature rule of order d can therefore be obtained by requiring that equation (4) is exact when the function f is any of the termsΛ l 2Λ m 3 with 2l + 3m ≤ d. The number of non-negative solutions of 2l + 3m ≤ d for l and m, and therefore the number of equations that must be solved, is given by [21] n e = 1 + d 2 + 6d 12 (8) with x denoting the largest integer that is less or equal to x. This is a significant reduction in the number of equations, approximately by a factor of 6 for large values of d, compared to the valuen e given in equation (5) for the general case.
In Appendix A.1, the computation of a rule of degree 3 with 6 is presented, showing in a simple example the above-described introduction of symmetric polynomials when symmetric rules are considered.
While areal coordinates allow for simple formulations of expressions on a generic triangle, they have the disadvantage of introducing three coordinates, instead of the two independent coordinates needed. For this reason, moment equations have generally been obtained using Cartesian or polar coordinates and referring to a specific triangle (exploiting the fact that all triangles are affine). In the fully symmetric case, however, we see that using areal coordinates we easily end up with only two "coordinates", the symmetric polynomialsΛ 2 andΛ 3 .
As will be seen shortly, the moment equations can be further simplified by using, instead ofΛ 2 andΛ 3 , the quantities p = 1 − 3Λ 2 and
The cubature rule of order d can therefore be obtained by requiring that equation (4) is exact when the function f is any of the terms p i q j with 2i + 3 j ≤ d and i, j ≥ 0. The moment equations for a fully symmetric rule of degree d and type [n 0 , n 1 , n 2 ] can thus be written as
The right hand sides are the integrals
whose value can be computed by noting that the integrand p i q j can be expressed as a polynomial in the areal coordinates L 1 , L 2 and L 3 . Using the well-known formula [18, p. 156 ] for integration on the triangle
we can then integrate separately each term of the polynomial and add the results, thus obtaining I 0,0 = 1, I 1,0 = 1/4, I 0,1 = 1/10, I 2,0 = 1/10, I 1,1 = 2/35, I 3,0 = 29/560, I 0,2 = 7/160,
The main advantage of using the quantities p and q is that for type-1 orbits we can introduce a new variable u so that p = u 2 and q = u 3 and therefore p i q j = u 2i+3 j , while for the type-0 orbit p = q = 0. Setting w 0 =w 0,1 , v k = 3w 1,k and w k = 6w 2,k , after some computations, the moment equations are finally written as
where in equation (14a) we set w 0 = 0 if n 0 = 0. For both d = 0 and d = 1 the only moment equation is (14a). This means that any (fully symmetric) rule exact for d = 0 will also be exact for d = 1, thus there are no rules of degree 0. For this reason in the following we always assume that d ≥ 1.
Consistency conditions
To set up the moment equations for a rule of degree d, it is first necessary to determine the type of the rule, i.e. the number of orbits of each type.
The moment equations (14) form a system of n e equations in n v variables, where n e is given in equation (8) while n v = n 0 + 2n 1 + 3n 2 . Similarly, the subsystem (14c) has n e − d equations and 3n 2 variables.
We assume that both the system (14) and its subsystem (14c) are inconsistent if and only if they are overdetermined. This assumption, together with the fact that there may be at most one type 0 orbit, yields the following consistency conditions [9] 3n 2 ≥ n e − d (15a)
which must be satisfied to obtain a solution of the moment equations, and thus they restrict the choice of the rule type. For a given degree d, a minimal-point rule is sought, that is a rule that satisfies the consistency conditions with the lowest total number of points, as given by equation (6). This yields
It is conceivable that a rule that violates the consistency conditions may lead to a system of moment equations that, although overdetermined, has solutions. These so-called fortuitous rules have great theoretical interest, as well as practical interest in the case where they have fewer integration points compared to the minimal-point rules described above. No fortuitous rules are encountered in the present paper, however, nor in the available literature on cubature rules on the triangle. As will be mentioned in Section 5, the use of analytical solutions means that starting from rules that respect the consistency conditions does not preclude the identification of fortuitous rules with fewer points.
The polynomial system of moment equations (14) can be inconsistent, zero-dimensional or positive-dimensional. We use here the same terms to identify the corresponding rule types and individual rules, thus we have inconsistent rule types, which yield no rules, zero-dimensional rule types, which yield a finite number of zero-dimensional rules, and positive-dimensional rule types which yield an infinite number of positive dimensional rules. In the case of positive-dimensional rule types, the analytical solution can be expressed using a number of the unknowns as free parameters.
Advantages of the suggested form of the moment equations
As already mentioned, the development of the method given in Sections 3.1 and 3.2 to formulate the moment equations using symmetric polynomials follows in some main points the classic one presented by Lyness and Jespersen [9] . It provides, however, polynomial moment equations, while [9] also uses cosines. In this, the present method is similar to the one presented by Wandzura and Xiao [13] , but with equations that can be written in the simple form (14) and which are of lower degree.
All three methods are equivalent, in that they yield the same rules. Indeed, it is relatively easy to pass from one method to the other: setting p i = r 2 i , q i = r 3 i cos 3α i and u i = r i in equations (14) yields after some calculations the moment equations in [9] , while it is easily seen that, for the triangle used in [13] , p and q are equal to the invariants x 2 + y 2 and x 3 − 3xy 2 .
In the author's opinion, the present method is simpler and more intuitive in its formulation, is elegantly formulated without reference to a specific triangle and it provides simpler formulas. From a practical point of view, however, the main advantage is that the resulting polynomial equations are of significantly lower degree than those provided by the other methods, for example the maximum degree of equations (14c) is d/2 + 1 instead of d + 1. This is especially important when solving the equations analytically.
Analytical solution of the moment equations
The usefulness of analytical solutions
Except for some trivial low-degree rules, the moment equations are generally solved numerically, e.g. using a multivariate Newton-Raphson solver. The cubature rule is then given as a table of integration point coordinates and weights, expressed as floating point approximations of a given precision. This numerical approximation of the cubature rule is the one actually required when using the rule in applications.
Iterative numerical methods have the advantage of being able to provide cubature rules of high degree [see e.g. 15]. Convergence of the method to a solution is not guaranteed, however, as it most often depends on the selection of an appropriate "initial guess" required by the solver. This means that inability to obtain a solution does not prove that the solution does not exist. Additionally, when a numerical solution is obtained iteratively, no information is obtained regarding the existence of other solutions. For this reason, in this paper we investigate the analytical solution of the moment equations, in order to obtain a definitive answer regarding the different cubature rules for a given degree and type.
There exist algorithms for solving analytically arbitrary systems of polynomial equations, for example using Gröbner bases (see [19] for an informal overview of the state of the art). Unfortunately, when applied directly to the moment equations as presented in equation (14) or in similar forms in the literature, the requirements of these algorithms in both computer memory and computation time are such that in practice they fail to provide a solution even for rules of relatively low degree. Analytical solutions for higher degrees cannot therefore be obtained just by applying algebraic solving techniques to the moment equations as presented in the literature or even as obtained here in equation (14); it is necessary to exploit as much as possible the structure of the moment equations, as will be presented in Section 4.3.
An interesting alternative to the analytical solution of the moment equations is to use homotopy continuation methods to compute numerically all the solutions of the system [22] . The use of homotopy continuation is however clearly beyond the scope of the present paper.
Solution strategy
The subsystems (14a), (14b) and (14c) have respectively 1, d − 1 and n e − d equations. The weight w 0 (if it is non-zero) appears only in equation (14a) while the variables v k and u k appear only in equations (14a) and (14b).
Consider first the case of a rule with a type-0 orbit (n 0 = 1). Equation (14a) is then just used to determine w 0 when all other weights have been calculated. The weights v k of type-1 orbits can be eliminated from equations (14b), as described in [23, pp. 771-773] for cubature rules on other regions, to obtain the (linear in the symmetric polynomials u k ) system of equations
where
The system (17) has n 1 unknownsũ k (sinceũ 0 = 1) and d − n 1 − 1 equations. If n 1 = (d − 1)/2 then equations (14c) are sufficient to evaluate the variables w k , p k and q k of type-2 orbits, and then equations (17), (14b) and (14a) yield in turn the values ofũ k , v k and w 0 . The same happens if n 1 > (d −1)/2, but in this case the system is positive-dimensional and some of theũ k remain as free parameters in the solution. Finally, if n 1 < (d − 1)/2 then obtaining a solution is more difficult, since to evaluate w k , p k and q k we need not only equations (14c) but also the equations that remain after eliminatingũ k from (17) .
When the type-0 orbit is not used (n 0 = 0), it is generally easier to introduce an additional equation
where J 1 is an unknown quantity, which is not defined by (18) . Eliminating the weights v k from equations (14a), (14b) and (19) leads to a system of equations like (17) , only that the index i is now in the range i = n 1 , . . . , d and J 1 is an additional unknown that must be eliminated. In all cases, equations (14c) must be solved, possibly together with the equations that remain after eliminatingũ k from (17) . Unfortunately, no easy way has been found to simplify these equations as we did to derive the system (17) . The use of symmetric polynomials can, however, again lead to somehow simpler expressions.
Permutation invariance of the orbits
In Section 3 we exploited the fact that the cubature rule is invariant with respect to a permutation of the integration points within a given orbit, and expressed this invariance using symmetric polynomials.
Another obvious property of the cubature rules, which however has received much less attention in the literature and has not up to now been exploited, is their invariance with respect to permutation of orbits of the same type. This is reflected in the fact that the moment equations (14) are polynomials which are "symmetric" (i.e. invariant with respect to permutation) in the pairs (u k ,v k ) and in the triplets (p k , q k , w k ). This can be seen from the system (17) where, having eliminated the v k , the resulting polynomials are symmetric in the u k and have thus been expressed in terms of the elementary symmetric polynomialsũ k . In a similar way, eliminating q k and w k allows us to express the moment equations in terms of the symmetric polynomialsp k .
The system that results by eliminating the v k , q k and w k from the moment equations (14) and expressing the results in terms of theũ k andp k is generally much longer to write out than the moment equations (14) . It has however fewer variables, and it leads to a much simpler expression for the solution, when such a solution is actually found.
Indeed, one important advantage of expressing the moment equations in terms of symmetric polynomials is that the number of solutions of the system is equal to the number of different cubature rules that can be obtained. Consider for example the degree-4 [0, 2, 0] rule, for which Lyness and Jespersen [9] mention that, in the present notation, u 1 and u 2 are the roots of 15x 4 + 20x 3 − 30x 2 + 4. This does not mean, however, than any combination of the roots is a valid solution for u 1 and u 2 , indeed only two pairs of solutions give a cubature rule. In terms of symmetric polynomials, on the other hand, the solution is obtained by solving the equations 3ũ 2 1 − 4ũ 1 − 2 = 0 and 5ũ 2 + 2ũ 1 + 2 = 0, where it is seen that two different rules are obtained, one for each solution of the system.
It is worth considering that even when solving the moment equations numerically, considering the invariance with respect to permutation of orbits of the same type can have a significant effect on the solution method. As an example, there is only one degree-15 [1, 7, 4] rule. The system (14c) however has 4! = 24 solutions, while if we were to solve all equations (14) together we would have 7!4! = 120960 solutions. It is thus conceivable that an iterative numerical solution algorithm may fail to converge by being "attracted" in turn by different solutions.
Solution quality
Once a cubature rule is determined by solving the moment equations, the sign of the weights and the position of the integration points is examined, to determine the quality of the solution. The quality is described using a two-letter label: the first letter is P if all weights are positive and N if at least one weight is negative, while the second letter is I if all points are inside the triangle, O if there is at least one point outside the triangle, and B if no points are outside the triangle but at least one is on the boundary of the triangle. The following qualities are therefore encountered: PI, NI, PB, NB, PO, NO.
In all the above cases, the coordinates and weights of the integration points are considered to be real. Though it is well-known that complex solutions may exist, these are not taken into account, since a cubature rule with complexvalued coordinates of the integration points would be of little, if any, use. Moreover, the moment equations are usually solved using numerical methods that only return real solutions, as these methods perform significantly better than methods that could return complex solutions.
On the other hand, when obtaining the solutions analytically it is easy to also consider complex solutions. For this reason, we expand the above definition of the quality of cubature rules by setting the first letter of the label to C if at least one weight is complex-valued and by setting the second letter of the label to C if at least one integration point has complex coordinates. Interestingly, while it is not possible to have complex weights without complex coordinates, it is possible to have real weights with complex coordinates. The following three additional qualities are therefore obtained: CC, PC, NC.
Including complex solutions allows us to make the distinction between moment equations that have no solution and those that have solutions, even though they may all be complex. Considering as an example a degree-15 rule, there are no solutions for type [0, 7, 4] (which does not satisfy the consistency conditions), while there is a single complex (NC) solution for type [1, 7, 4] (which satisfies the consistency conditions). It is generally expected that all types satisfying the consistency conditions will yield at least one solution, but with complex solutions appearing with increasing frequency as the degree of the rule increases.
Although we compute all solutions, independently of their quality, in most applications we need rules of PI (or at most NI) quality. For this reason, if a minimal-point rule does not yield any PI rules, we investigate rules with increasingly more points until a rule is found that has a PI solution. When considering rules with additional points, it is possible to have rules with the same degree and number of points, but different type and different number of free parameters appearing in the solution.
Consider for example the degree-7 rules. The minimal-point rule [1, 2, 1] has 13 points and the best quality achievable with it is NI. Increasing the number of points, we get either a [0, 3, 1] or a [0, 1, 2] rule, both with 15 points, where the first has one free parameter while the second has none. In this case, where both types can yield PI rules, we would generally prefer the zero-dimensional one as it has more type-2 orbits, so less integration points are restricted to be located on the medians.
In general, among rules with the same number of points and the same quality, we would prefer those with more type-2 orbits and thus less free parameters. The presence of free parameters in the solution of the moment equations, on the other hand, allows for much greater flexibility in obtaining a rule of PI quality. Moreover, the use of more type-1 orbits leads to simpler moment equations, which are easier to solve analytically.
Note that the numerical, iterative solution of the moment equations for positive-dimensional rules [see e.g. 13] yields only one of the infinite solutions. Though it is possible to consider numerically the variation of the solution with the variation of a parameter [see e.g. 12], analytical solutions are much more powerful in studying parametrically positive-dimensional cubature rules and their quality. The study and presentation of such rules, however, requires a much more extensive discussion which goes well beyond the scope of the present paper. For this reason, in Section 5 we only present results for zero-dimensional cubature rules.
Results and discussion
Using the method described in Sections 3 and 4 we compute here analytically cubature rules for degree up to 15. As described in Section 4.3, the permutation invariance of the orbits should be exploited to express the moment equations (14) in a form more suitable for analytical solution, for example in terms of the symmetric polynomialsũ k andp k . This has been achieved for each degree and rule type in a heuristic way, which involved (for higher degrees) extensive calculations until the initial system was transformed into a new one, solvable (on the available hardware and software) using Gröbner bases.
The actual calculations performed in each case (using the Maple TM computer algebra system) are obviously too lengthy to be written out here. Indeed, in the non-trivial cases, the analytical solution itself becomes too long, as is already apparent in Appendix B for the degree-6 rule. An overview of the computations for the [0, 5, 2] rule of degree 11 is given as an example in Appendix A.2. Table 1 gives a summary of the properties of all cubature rules thus computed. As already mentioned, we only consider zero-dimensional rules. We calculate for each degree the minimal-point rules and, if none of these are of quality PI, we calculate additional rule types with more points until a rule with PI quality is found (except for d = 15 where additional rules were not computed). Appendix B provides analytical expressions for evaluating some of the cubature rules, while Appendix C provides numerical values for new rules of PI or NI quality.
The only case where three rule types must be computed to obtain PI quality is d = 11. This is therefore the only case (for d < 15) where a positive-dimensional rule of PI quality (type [1, 5, 2] with 28 points) has less points than the best possible zero-dimensional rule of the same quality (type [0, 2, 4] with 30 points). 1 Where NI rules are acceptable, the two (newly computed) [1, 3, 3] rules can be used. The first [1, 3, 3] NI rule given in Appendix C is then to be preferred as it has a small negative weight for a single point, while the second one has a large negative weight for three points. Additionally, as shown in Figure 3 , the first rule has a much more uniform distribution of points. Figure 3 also shows that the first [1, 3, 3] NI rule has a more uniform distribution of points than the [1, 5, 2] PI rule in [24] (which has the same number of points). The results summarised in Table 1 confirm the general expectation that as the rule degree increases the number of solutions will increase, though with most solutions being complex ones. This is not always the case, however, as evidenced by the existence of a single [1, 7, 4] rule for d = 15. It is thus clear that it is not possible to detect in these results a specific pattern in the number of solutions, the number of real solutions or the number of PI (or NI) solutions.
The results obtained here, answer (for the first time when considering non-trivial cases) questions such as "how many degree-10 PI rules of type [1, 2, 3] exist?" and, more importantly, questions such as "is there a degree-10 PI rule with 24 points?" Indeed, a very important result obtained through the analytical computation of all the solutions for a given rule type is that we can prove the non-existence of better fully symmetric rules for a given degree. Considering for example rules of degree d = 10, Table 1 shows that there exist no non-fortuitous PI rules with 24 points and therefore any such rule will have at least 25 points. Indeed, taking into account the results summarised in Table 1 and the fact that there exist positive-dimensional PI rules of degree 11 with 28 points, the minimum number of points for non-fortuitous rules of PI (or PI and NI) quality is given in Table 2 .
Another important result is that, using the analytical computation of the cubature rules, we can also prove the non-existence of specific fortuitous rules. Consider for example again the case of degree-10 rules where we compute the 24-point [0, 4, 2] rule. If there were a fortuitous rule with two type-2 orbits and less than 24 points, then the [0, 4, 2] rule should be positive-dimensional in order to depend on some parameters which, for specific values, would yield the fortuitous rule. Computing analytically the [0, 4, 2] rule, however, shows that it is zero-dimensional, as expected. Similarly, since the [1, 2, 3] rule is zero-dimensional, there exist no fortuitous rules with three type-2 orbits and less than 25 points. Since it is easily shown that for degree 10 no rules exist with one or zero type-2 orbits and also that no [0, 0, 4] rules exist (which would have 24 points) we see that there are no fortuitous degree-10 rules with 24 points or a) b) c) A list of numerical values for all computed rules, independently of their quality, can be found at the address http://arxiv.org/src/1111.3827v1/anc/allrules.pdf as ancillary material for the arXiv preprint of this paper [25] . This list includes the zero-dimensional rules found in [1, 8, 9, 10, 11] . An interesting property of some rules of bad quality (i.e. neither PI nor NI) is that the orbits that have points outside the triangle or with complex coordinates have a much smaller weight (in absolute value). This is the case for example for d = 11 and the fourth [1, 3, 3] NC rule, or for d = 15 and the [1, 7, 4] NC rule. These rules, together with a node elimination algorithm [15] , could possibly be used to derive cubature rules that are not fully symmetric with fewer points than the fully symmetric ones.
Conclusions
In this paper we have used symmetric polynomials to express the double invariance inherent in fully symmetric cubature rules in the triangle (invariance with respect to permutation of points within an orbit and with respect to permutation of orbits of the same type). This has allowed us to formulate the moment equations in such a way that analytical solutions have been derived for zero-dimensional rules of degree up to 15.
A few new rules with all points inside the triangle have been thus derived and are given in Appendix C. Additionally, the analytical solutions ensure that all possible rules of a given type and degree were computed, independently of their quality. This allows us, for example, to prove that indeed no rules of PI or even NI quality exist for some cases where no such rules were encountered in the literature.
Though only zero-dimensional rules have been computed here, the proposed analytical approach is also wellsuited for the thorough study of positive-dimensional rules. In this case, however, an additional difficulty lies in finding intuitive and useful ways to present the (infinite) solutions and their properties.
In all cases, starting from the formulation presented in this paper and combining a better understanding of the structure of the moment equations together with better-performing algorithms, software implementations and hardware platforms, should allow determining rules of increasingly high degree.
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For the fully symmetric case, we consider the case of a single type-2 orbit, so that there is a single weightw and the areal coordinates of the six points are given by (
and (Λ 3 , Λ 2 , Λ 1 ) where Λ 1 , Λ 2 and Λ 3 are all different. To obtain the cubature rule, we want equation (4) to be exact when f is any of the monomials in (A.2), with the right-hand integrals easily calculated using equation (12) . For the monomials L 3 1 , L 2 1 L 2 and L 1 L 2 L 3 we thus obtain the equations
while for the remaining seven monomials we don't get any additional equations. Using a fully symmetric rule we have thus reduced the 10 initial equations to just 3, as given by equation (8) . The actual values of Λ 1 , Λ 2 and Λ 3 are computed by solving the polynomial equation Λ 3 +Λ 1 Λ 2 +Λ 2 Λ +Λ 3 = 0 with Λ 1 = −1,Λ 2 = 1/4 andΛ 3 = −1/60 to obtain the approximate solution Λ 1 = 0.1090390091, Λ 2 = 0.2319333686 and Λ 3 = 0.6590276224 (or, obviously, any permutation of these values).
The same solution can easily be obtained directly, using the moment equations (14) which in this case can be written as
Considering that w 1 = 6w and using the definitions (9) we thus obtain again the solution (A.5).
A.2. Rule of degree 11 and type [0, 5, 2] We show here the computations needed to obtain an analytical solution for the rule of degree d = 11 and type [0, 5, 2] . This rule has been selected as its computation is clearly not trivial, yet is still simple enough to allow the main points of the computation to be presented in a relatively concise way.
We start with the moment equations in the form given in equation (14), and specifically with equations (14c) which for this rule are written explicitly as
Solving equations (A.7a) and (A.7b) for w 1 and w 2 yields
, w 2 = 9 5600 It is easy to verify that if any of the denominators in equations (A.8) and (A.9) were equal to zero, then the system (A.7) would be inconsistent. Defining the quantity δ as
we therefore have δ 0. Substituting equations (A.9) into (A.13), expressing the resulting symmetric polynomial in p 1 and p 2 in terms of the elementary symmetric polynomialsp 1 andp 2 and using equation (A.12), the value of δ can be expressed, after a few simple calculations, as
Instead of using the remaining moment equations (14a) and (14b), we use the form given in (17) , that is 5 k=0 J i−kũk = 0, i = 5, . . . , 11 (A.15) where the range for i starts from n 1 and not from n 1 +2 since n 0 = 0. Substituting the above expressions into equations (A.15) and multiplying by δ we obtain a polynomial system of seven equations with seven unknowns (p 1 ,ũ 1 ,ũ 2 ,ũ 3 ,ũ 4 ,ũ 5 , J 1 ), where each equation is of degree 3 inp 1 , of degree 1 inũ 1 . . .ũ 5 and of degree 0 or 1 in J 1 . We have therefore transformed the initial moment equations (14) into a new polynomial system which is invariant with respect to permutation of orbits of the same type.
Since the new system has resulted from multiplication of (A.15) by δ, it must be solved under the constraint δ 0 to compute the Gröbner basis for a lexicographical ordering. The analytical solution can then be written in terms of univariate polynomials, for example inp 1 , so that the values ofp 1 are the roots of 
Appendix C. Numerical values for new cubature rules of PI or NI quality
This appendix lists all the computed cubature rules of quality PI and NI that are not listed in the Encyclopedia of Cubature Formulas [6] . Since only zero-dimensional rules are considered in this paper, there is a finite number of solutions and it is thus possible to list approximate numerical values for all individual solutions; this of course would not be possible for positive-dimensional rules where an infinite number of solutions exists.
For each rule we first list the degree d, the number of points n K , the rule type, the rule quality, the maximum integration error e and (for NI rules) the condition number σ. We then provide a list of the orbits, where the first column is the number of points in the orbit, the second is the weight for each integration point and the last three columns are the areal coordinates defining a point in the orbit.
The condition number σ is defined as
therefore σ = 1 for PI rules and σ > 1 for NI rules. The integration error is computed by comparing numerical (double-precision) and exact values for the integration of all the monomials x i y j with i + j ≤ d on a reference triangle with vertices (0, 0), (0, 1) and (1, 0) in the Cartesian plane. More specifically, the scaled error e is computed as
where is the so-called machine epsilon value ( = 2 −52 for double precision arithmetic). d = 7, n K = 15, type [0, 1, 2], quality PI, e = 2
